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Abstract
We prove that self-dual chiral polytopes of odd rank possess a polarity, that is, an involutory duality,
and give an example showing this is not true in even ranks. Properties of the extended groups, that is
of the groups of automorphisms and dualities, of self-dual chiral polytopes are discussed in detail.
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1. Introduction and basic concepts
The main purpose of this paper is to explore the self-dual chiral polytopes and their
groups. Chiral polytopes are abstract polytopes that have maximal symmetry by rotation.
Chirality is a fascinating phenomenon which does not occur in the classical theory of
polytopes [5]. The study was initiated byWeber and Seifert [18] in 1933, and revived later
by Coxeter, ﬁrst in studying (non-reﬂexible) regular maps [3] and later in constructing 4-
dimensional twisted honeycombs [4]. The general theory of chiral polytopes was developed
by Schulte andWeiss in 1991. For detailed discussion of chiral polytopeswe refer to [14,15],
but note that in contrast to [14] we now write compositions of maps from left to right.
In this section, we brieﬂy outline some deﬁnitions and basic results from the theory of
polytopes. In Section 2, we give the deﬁnition and the basic properties of chiral polytopes.
Section 3 deals with self-duality and contains the main results.
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A polytope of rankn, or ann-polytope, is a partially ordered setP with a strictlymonotone
rank function having range {−1, . . . , n}. The elements of P with rank j are called j -faces;
typically Fj indicates a j-face. The maximal chains of P are called ﬂags. We require that
P have a smallest (−1)-face F−1, a greatest n-face Fn and that each ﬂag contains exactly
n + 2 faces. Also, P should be strongly ﬂag-connected, that is, any two ﬂags  and  of
P can be joined by a sequence of ﬂags  = 0,1, . . . ,k =  such that each i−1
and i are adjacent (in the sense that they differ by just one face), and  ∩  ⊆ i for
each i. Furthermore, we require the following homogeneity property: whenever FG,
with rank(F ) = j − 1 and rank(G) = j + 1, then there are exactly two j -faces H with
FHG. These conditions essentially say that P shares many combinatorial properties
with convex polytopes.
If  is a ﬂag, then by i we denote the unique ﬂag adjacent to  and differing from 
in the face of rank i. More generally, we deﬁne inductively i1,...,ik−1,ik = (i1,...,ik−1)ik
for k2 and 0 i1, . . . , ikn− 1. Note that if |i − j |2, then i,j = j,i ; otherwise, in
general, i,j 	= j,i .
The faces of rank 0, 1 and n− 1 are called vertices, edges and facets, respectively. If F
is a vertex, the section Fn/F = {G|FGFn} is called a vertex-ﬁgure of P at F .
The set of all automorphisms of P is a group denoted by (P) and called the automor-
phism group of P . It is easy to see that for each automorphism  ∈ (P)
()j = j, for all j ∈ {0, . . . , n− 1}. (1)
A polytopeP is said to be regular if(P) is transitive on the ﬂags. For a regular polytope
P , its group is generated by involutions 0,1, . . . ,n−1 and (P) is a string C-group (a
certain quotient of a Coxeter group with a linear diagram). These generators then satisfy
the relations of the form
(ij )
pij = 1 for i, j = 0, . . . , n− 1, (2)
where pii = 1, pi+1 = pji = pij , if j = i + 1 , and pij = 2 otherwise. We say that P is
of type {p1, . . . , pn−1}. The Coxeter group abstractly deﬁned by relations (2) is denoted by
[p1, . . . , pn−1]. This group is the automorphism group of the universal polytope denoted
by {p1, . . . , pn−1}. For details one is refered to [12].
All rank 2 polytopes are regular. Each rank 3 polytope is amap, that is, a 2-cell embedding
of a connected graph into a closed surface without a boundary. But converse is not true,
since maps need not satisfy the homogeneity property.
2. Chiral polytopes
Assume that P is a polytope of rank n3 .We say that P is chiral if P is not regular, but
if for some base ﬂag  = {F−1, F0, . . . , Fn} ofP there exist automorphisms 1, . . . ,n−1
ofP such that i ﬁxes all faces in\{Fi−1, Fi} and cyclically permutes consecutive i-faces
of P in the rank 2 section of Fi+1/Fi−2 of P . We choose i in such a way that
i = i,i−1 for all i ∈ {1, . . . , n− 1} (3)
130 I. Hubard, A.I. Weiss / Journal of Combinatorial Theory, Series A 111 (2005) 128–136
and hence
−1i = i−1,i for all i ∈ {1, . . . , n− 1}. (4)
It follows that for j > i,i−1,j = i−1,i,i,j = (−1i )i,j . Using (1),i−1,j = i,j−1i ,
and repeating this argument we have i−1,j = −1j −1j−1 . . .−1i+1−1i . Hence,  =
i−1,j,i−1,j = (−1j . . .−1i+1−1i )(−1j . . .−1i+1−1i ) = 1, and therefore (ii+1 . . .j )2= 1. We denote by pi the order of each i , i ∈ {1, . . . , n − 1}. The automorphisms
1, . . . ,n−1 generate (see [14]) (P) and satisfy the relations
pii = 1 for 1 in− 1,
(ii+1 . . .j )2 = 1 for 1 i < jn− 1. (5)
We call {p1, . . . , pn−1} the type of P . The elements 1, . . . ,n−1 are called the distin-
guished generators with respect to .
It is not hard to see that all sections of a chiral polytopeP must be regular or chiral.Also,
(P) has precisely two orbits on the ﬂags, with adjacent ﬂags in different orbits. Each chiral
polytope comes in two enantiomorphic forms; one associated with a base ﬂag  and the
other with any of the ﬂags adjacent to it. For a more detailed discussion of chiral polytopes,
we refer to [14,15].
Each rank 3 chiral polytope gives rise to a map on an orientable surface. For genus 1,
Coxeter showed [3] that there are three inﬁnite families of toroidal chiral maps (related to
Euclidean tessellations {4, 4}, {3, 6} and {6, 3}). For genus greater than 1, the occurance
of chiral maps is rather sporadic. Higher genus chiral maps were studied by Wilson [19]
and Sherk [17] among others. Garbe [8] showed that there are no chiral maps on surfaces
of genus 2, 3, 4, 5 or 6. All maps up to genus 15 have been enumerated by Conder and
Dobcsányi [2]. Up to enantiomorphism and duality, with genus between 7 and 15, there are
only 13 rank 3 chiral polytopes. Further examples of higher genus can be found in [7,17].
First examples of chiral rank 4 polyotpes were constructed by Coxeter [4] by “forcing”
the polytope to have different lengths of left-handed and right-handed Petrie polygons. He
calls such polytopes twisted, and constructs them by adding the relations (13)l = 1 and
(−11 3)r = 1, for l 	= r , to (5) with n = 4. However, polytopes with same lengths of the
two Petrie polygons can still be chiral. Improperly self-dual polytopes, which we deﬁne in
the next section, are examples of such polytopes. There are several inﬁnite families (see,
for example, [13,15]) of chiral polytopes of rank 4 with distinct lengths of Petrie polygons,
which are constructed from linear groups.
For rank > 4 only inﬁnite examples are known. In [16] chiral polytopes of type
{p1, . . . , pn−1} are constructed for certain integers pi where the ﬁrst or the last integer
in the symbol is∞.
We conclude the section with a lemma that we shall require in Section 3.
Lemma 2.1. Let P be a chiral polytope of rank n and 1, . . . ,n−1 the distinguished
generators with respect to the base ﬂag  = {F−1, F0, . . . , Fn}. Assume 0 i < j , j > 2
and FiFj for some  in (P). Then there exists an automorphism  ∈ 〈1, . . . ,j−1〉,
the group generated by 1, . . . ,j−1, such that Fi = Fi.
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Proof. Let  be a ﬂag containing Fi and Fj , Fj+1, . . . , Fn. Our restrictions on i and j
make it possible to pick a ﬂag containing Fi and Fj , Fj+1, . . . , Fn in the same orbit as
. Hence, there exists  ∈ 〈1, . . . ,j−1〉 such that  =  and hence Fi = Fi. 
3. Properties of self-dual chiral polytopes
A polytope is said to be self-dual if there exists an incidence reversing bijection of the
polytope onto itself. Such bijections are called dualities. The set of all automorphisms and
dualities of P forms a group, the extended group (P) of P , which contains (P) as a
subgroup of index 2.
Note that, if  is any ﬂag of a self-dual polytope P of rank n, and  any duality of P ,
then
j = ()n−j−1 for all j = 0, 1, . . . , n− 1. (6)
A chiral self-dual polytope P , having two ﬂag orbits, is said to be properly self-dual if
there exists a duality  of P mapping a base ﬂag to a ﬂag in the same orbit. Clearly, must
preserve the ﬂag orbits. If no such  exits, we say that P is improperly self-dual. Hence
Lemma 3.1. If P is properly (improperly) self-dual chiral polytope, then every duality of
P preserves (interchanges) the two ﬂag orbits.
In rank 3, the only self-dual polytopal maps on torus belong to the family of maps
{4, 4}(b,c). Maps in this family are chiral whenever 0 	= b 	= c 	= 0 ([6], [15, pp. 223–224]).
All these maps are improperly self-dual.
Another family of self-dual chiral rank 3 polytopes (due to Heffter [10] and described by
Doro andWilson [7]) arises from maps of type {2k − 1, 2k − 1}, for k3. Each map in this
family is properly self-dual map on a surface of genus 1 + (2k − 5)2k−2. The smallest of
these is known as the Edmond’s map. It is a map of type {7, 7} on a surface of genus 7.
Up to genus 15 there is only one further (improperly) self-dual map due to Heffter of
type {8, 8} on surface of genus 10 [7, pp. 407–408]. We remark here that the list of chiral
maps in [2] erroneously does not list {7, 7} map as self-dual, probably because the authors
were not aware of the class of properly self-dual polytopes.
Most of the known self-dual chiral polytopes of rank 4 are properly self-dual (see for
example [15,13]). Of particular interest to us are self-dual chiral polytopes with chiral facets
{4, 4}(b,c). It is not difﬁcult to show thatwhenever such polytopeP is improperly self-dual its
vertex-ﬁgures are {4, 4}(b,c). When P is properly self-dual its vertex-ﬁgures are {4, 4}(c,b).
That is, in the latter case, the vertex-ﬁgure is the enantiomorphic image of the facet.
The degree of a duality , denoted by d(), is its order. The degree of a self-dual polytope
P is deﬁned to be the smallest d such that P has a duality of degree d. If the degree of P is
ﬁnite, it must be a power of 2, since if d() = 2kr for some odd integer r > 1 then r is a
duality and d(r ) = 2k < d().
A duality of order 2 is called a polarity. The question whether a self-dual polytope
possesses a polarity was posed by Grünbaum and Shephard [9] and answered by Jendrol
[11]. Several counter-examples are known even for ﬁnite polytopes of rank 3 (see for
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example [1]). However, regular self-dual polytopes possess a polarity [12, p. 37] as do all
properly self-dual chiral polytopes as we shall see in the following lemma.
The improperly self-dual chiral polytopes need not posses a polarity. For example, the
universal polytope {{4, 4}(1,3), {4, 4}(1,3)} is such a polytope with ﬁfty toroidal improperly
self-dual chiral facets (and ﬁfty vertices) and the group of order 2000. Using a computer
program GAP, Barry Monson veriﬁed that the involutions in (P) of P are all automor-
phisms of P and hence P has no polarity. In fact, P is of degree 4. Later we shall see that
self-dual chiral polytopes are of degree 2 or 4.
Lemma 3.2. Let P be a chiral polytope,  its base ﬂag and {1, . . . ,n−1} the distin-
guished generators of P with respect to .
(a) P is properly self-dual if and only if there exists a duality  ﬁxing the base ﬂag, i.e.
 = . Furthermore,  is unique and it is a polarity.
(b) P is improperly self-dual if and only if for some i ∈ {0, 1, . . . , n − 1} there exists a
duality i such that i = i . Furthermore, if i exists for some i, then it is unique
and it exists for all i ∈ {0, 1, . . . , n− 1}.
Proof. (a) P is properly self-dual if and only if there exists a duality  such that  and 
belong to the same orbit. Hence, there is an automorphism  ofP such that = . Then
 =  is a duality ﬁxing . Since 2 ∈ (P) and 2 =  it follows that 2 = 1. If
there were another duality ˜ ﬁxing , then −1˜ ∈ (P) and hence ˜ = .
(b) P is improperly self-dual if and only if there exists a duality  such that  and 
belong to distinct orbits. For any i ∈ {0, 1, . . . , n − 1}, i is in the same orbit as , and
hence there is an automorphism  of P such that  = i . Then i =  is a duality such
that i = i . If ˜i is another duality such that ˜i = i , then ˜i−1i is ﬁxing  and thus
˜i = . 
Note that, if a chiral polytope is self-dual in one enantiomorphic form then so is in the
other. Let be a base ﬂag of a polytope P and {1, . . . ,n−1} the distinguished generators
with respect to . Let P0 be the enantiomorphic form of P associated with the ﬂag 0. If
P is properly self-dual and  its duality ﬁxing  then 1 . . .n−1 is the duality of P0
ﬁxing0 and henceP0 is also properly self-dual. IfP is improperly self-dual, 0 its duality
such that 0 = 0, then 01 . . .n−1 is the duality of P0 mapping 0 to  and so P0 is
improperly self-dual as well.
Theorem 3.1. Let P be a chiral polytope,  its base ﬂag and {1, . . . ,n−1} the distin-
guished generators of P with respect to . Then P is properly self-dual if and only if there
exists an involutory group automorphism ̂ of (P) such that
i̂ = −1n−i for all i ∈ {1, . . . , n− 1} (7)
Proof. Assume P is properly self-dual. Then there exists a polarity (Lemma 3.2)  ﬁxing
 and i = n−1−i for each i ∈ {0, 1, . . . , n}. Hence, i = i = i,i−1 =
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n−1−i,n−i = −1n−i for each i ∈ {1, . . . , n− 1}, and since i ∈ (P) the polarity 
induces the required automorphism.
On the other hand, assume that ̂ is the involutory automorphism such that i̂ = −1n−i
for i ∈ {1, . . . , n − 1} and deﬁne  by Fj = Fn−1−j̂ for each j ∈ {0, . . . , n}
and each  ∈ (P). Then  is a bijection on the faces of P , Fj = Fn−j−1 for each
j ∈ {−1, 0, . . . , n} and hence  = . It remains to show that  reverses the order in P .
First, assume FiFj for some i, j ∈ {−1, 0, . . . , n} and some  ∈ (P ). For i = j ,
Fi = Fi and hence we assume i < j . If j < 2, we have F0F1 so that F0 = F0 or
F0 = F0−11 . In either case, it easily follows that F0F1. Therefore we now assume
that j > 2. Lemma 2.1 implies that there exists  ∈ 〈1, . . . ,j−1〉 such that Fi = Fi.
Hence Fi = Fi = Fn−i−1̂ and since ̂ ∈ 〈n−j+1, . . . ,n−1〉, FiFn−i−1
= Fn−j−1̂ = Fj.
Finally, assume that FiFj, for some i, j ∈ {−1, 0, . . . , n}, and some, ∈ (P ).
ThenFi−1Fj , and fromaboveFi−1Fj.HenceFn−i−1−1̂Fn−j−1̂ =
Fj = Fn−j−1. But since ̂ is an automorphism Fn−i−1̂(̂)−1
Fn−j−1. So, Fn−i−1̂Fn−j−1̂ and FiFj. 
We now turn our attention to improperly self-dual polytopes. As we have seen in Lemma
3.2 such polytopes possess dualities i with a property that i = i . Hence, Fji =
Fn−j−1 for all j 	= n− i − 1 and Fn−i−1i = F ′i ∈ i \ .
Lemma 3.3. Let P be improperly self-dual chiral polytope and  its base ﬂag. Let
{1, . . . ,n−1} be the distinguished generators of P with respect to  and i the unique
duality such that i = i . Then
(a) −1i = n−i−1 for all i ∈ {0, 1, . . . , n− 1};
(b) n−i−1 = −1i for all i ∈ {0, 1, . . . , n− 1};
(c) 2i = −1n−i−1−1n−i−2 . . .−1i+1 for all 0 i < (n− 1)/2;
(d) if n is even, 2n/2−1 = −1n/2.
Proof. Since i is a duality, n−i−1i = (i )i = (i )i =  and so n−i−1 = −1i .
Furthermore, in−i−1 = in−i−1 = (n−i−1)n−i−1 = n−i−1,n−i−1 =  and since
in−i−1 ∈ (P ) it follows that in−i−1 = 1.
Assuming i < (n− 1)/2, that is n− i − 1− i > 0, we note that in fact n− i − 1− i >
1 (for otherwise n is even and i = n/2 − 1). Then, using (1) from Section 1, 2i =
ii = (i )n−i−1 = i,n−i−1 = −1n−i−1 . . .−1i+1. Ifn is even2n/2−1 = n/2−1,n/2 =
−1n/2. 
Theorem 3.2. If P is self-dual chiral polytope of odd rank, then P possesses a polarity.
Proof. If P is properly self-dual, the existence of polarity follows from Lemma 3.2.
If P is improperly self-dual of odd rank n and 1, . . . ,n−1 are the distinguished gener-
ators with respect to some base ﬂag, then for i = (n− 1)/2 using (b) in the above lemma
−1i = i . Hence i = (n−1)/2 is the required polarity. 
134 I. Hubard, A.I. Weiss / Journal of Combinatorial Theory, Series A 111 (2005) 128–136
Hence if n is odd andP is improperly self-dual, (n−1)/2 is the polarity mapping to the
adjacent ﬂag(n−1)/2. In fact, the converse also holds.Assuming that P is improperly self-
dual polytope of rank n and  polarity mapping a ﬂag  to its adjacent ﬂag, say  = k
it follows that 2 = k = ()n−k−1 = k,n−k−1. Then 2 =  if and only if
k = n− k − 1, that is if k = (n− 1)/2 implying the following theorem.
Theorem 3.3. Let P be an improperly self-dual chiral polytope. There exists a polarity 
mapping a ﬂag to an adjacent ﬂag if and only if the rank of P is odd. Furthermore, if n is
odd,  = (n−1)/2.
Let M be a rank 3 self-dual polytopal map given with its group M = 〈1,2〉. It is
easy to check ifM is properly or improperly self-dual. Theorem 3.1 implies thatM is
properly self-dual if and only if there exists an involutory group automorphism of M such
that 1 = −12 . In the improperly self-dual case, Theorem 3.3 implies that  = 1
and 111 = 111 = (11)1 = (1,01)1. Using (6) with n = 3 twice, we have
(1,01)1 = (11)2,1 = (1)1,2,1 = 1,1,2,1 = 2,1 = 2. Hence, 111 = 2,
andM is improperly self-dual if and only if there exists an involutory group automorphism
 such that 1 = 2.
Corollary 3.1. Let P be improperly self-dual polytope of rank n, its base ﬂag and i
the dualities such that i = i for each i ∈ {0, 1, . . . , n− 1}. Then for i 	= n/2, n/2 −
1, (n− 1)/2, the order of the duality i is 4.
Theorem 3.4. If P is self-dual chiral polytope of even rank n and Schläﬂi symbol
{p1, . . . , pn−1} such that pn/2 is odd, then P possess a polarity.
Proof. Let P be improperly self-dual. Then part (d) of the above lemma implies 2n/2−1 =
−1n/2. Hence 
2pn/2
n/2−1 = 1 and since pn/2 is odd pn/2n/2−1 is a duality of order 2. We complete
the proof using Lemma 3.2. 
Note that part (b) of Lemma 3.3 implies 2n/2 = n/2 and hence pn/2n/2−1 = pn/2n/2 .
For example, self-dual polytopes with Schläﬂi symbol {6, 3, 6} all possess a polarity. Let
{1,2,3} be the distinguished generators with respect to some ﬂag for a polytope of this
type.All polytopes in the family {{6, 3}(b,c), {3, 6}(b,c)} are properly self-dual with polarity
 such that1 = −13 and2 = −12 (Theorem 3.1). On the other hand polytopes in
{{6, 3}(b,c), {3, 6}(c,b)} are improperly self-dual with polarity  such that 1 = −13 but
2 = 2.
We conclude, by giving a characterization of groups of automorphisms of improperly
self-dual chiral polytopes.
Theorem 3.5. Let P be a chiral polytope,  its base ﬂag and {1, . . . ,n−1} the distin-
guished generators of (P) with respect to . P is improperly self-dual if and only if there
I. Hubard, A.I. Weiss / Journal of Combinatorial Theory, Series A 111 (2005) 128–136 135
exists a group automorphism ̂ of (P) such that
i̂ =


−1n−i if i < n− 2,
12
−1
1 if i = n− 2,
1 if i = n− 1.
(8)
Proof. Assume P is improperly self-dual and deﬁne ̂ by i̂ = −10 i0 for i ∈
{1, . . . , n − 1}. Then i̂ = −10 i0 = n−1i0 = (i0)0 = (i,i−10)0 =
(0)n−i−1,n−i,0 = 0,n−i−1,n−i,0.
If i < n − 2, i̂ = n−i−1,n−i = −1n−i . If i = n − 2, i̂ = 0,1,2,0 =
0,1,2,1,1,0 = 12−11 using (1) repeatedly. Finally, if i = n − 1, i̂ = 0,0,1,0 =
1,0 = 1.
For the converse, assume there exist group automorphism ̂ satisfying (8). Deﬁne  on
the faces of P by
Fi :=
{
Fn−i−1̂ if i 	= n− 1,
F0
−1
n−1̂ if i = n− 1,
(9)
where  ∈ (P). It is not difﬁcult to show that  is a bijection and that
Fi =
{
Fn−i−1 if i 	= n− 1,
F0
−1
1 if i = n− 1.
(10)
In order to show that  reverses the order on P , we follow the same argument as in the
proof of Theorem 3.1. The details are a little tedious, arguments involving several cases
depending on whether or not i, j = n− 1 are used. 
Note that the duality induced by ̂ in the above theorem is 0. The above theorem,
together with Theorem 3.1, gives necessary and sufﬁcient condition for a chiral polytope
(given with its group) to be self-dual.
We fall short of ﬁnding a criterion for a self-dual chiral polytope to possess a polarity.
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